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Abstract A recently proposed 3rd-order thermodynamic
perturbation theory (TPT) is extended to its Sth-order version
and non-uniform counterpart by supplementing with density
functional theory (DFT) and a number of ansatzs for a bulk
2nd-order direct correlation function (DCF). Employment of
the ansatzs DCF enables the resultant non-uniform forma-
lism devoid of any adjustable parameter and free from
numerically solving an Ornstein—Zernike integral equation
theory. Density profiles calculated by the present non-uni-
form formalism for a hard core attractive Yukawa (HCAY)
fluid near a spherical geometry are favorably compared with
corresponding simulation data available in literature, and are
more accurate than those based on a previous 3rd + 2nd-
order perturbation DFT. The non-uniform 5th-order TPT is
employed to investigate adsorption of the HCAY fluid onto a
colloidal particle; it is disclosed that a depletion adsorption
can be induced when the coexistence bulk fluid is situated in
neighborhood of a critical point or near a bulk vapor—liquid
coexistence gaseous phase or liquid phase density. A physi-
cal interpretation is given for such depletion adsorption and
for its connection with parameters of the potential under
consideration, which is ascribed to critical density fluctu-
ations existing within a wide region of the bulk diagram.
For a large spherical external potential inducing wetting
transition, it is found that only round wetting transition is
found instead of 1st-order pre-wetting transition in the case
of a planar wall external potential, and the wetting
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transition temperature increases relative to that for the
planar wall external potential. The present theoretical
results for wetting transitions are supported by previous
investigation based on thermodynamic considerations and a
phenomenological Landau mean field theory, and are also in
conformity with the present qualitative physical interpretation.
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1 Introduction

For a long time, thermodynamic perturbation theory (TPT)
plays key roles as fast computational tools in many fields,
such as thermodynamic properties of bulk phases [1]
including gas phase, liquid phase and solid phase [2],
structure and thermodynamic properties of inhomogeneous
phases [3] such as density distribution profiles and phase
transitions under confined conditions, and solvation free
energy [4, 5], etc. Recently the present author proposes a
high order version of the TPT, a 3rd-order TPT [6-8]; it is
indicated that the 3rd-order TPT constitutes a significant
improvement over a traditional Ist-order TPT [9] and 2nd-
order macroscopic compressibility approximation (MCA)
[10, 11]—TPT for calculation of the bulk thermodynamic
properties of many model fluids. In the framework of
classical density functional theory (DFT), the simplest
equation of state, i.e., van der Waals mean field theory, can
be extended to its non-uniform counterpart. In fact, the
2nd-order MCA-TPT has also been extended to its non-
uniform version. Unfortunately, the non-uniform versions
of these low order TPTs suffer from grave accuracy
problem which enables these non-uniform versions only
qualitative. Considering that the new 3rd-order TPT is
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highly accurate and quantitatively satisfactory even when
the 2nd-order MCA-TPT qualitatively fails [8], it is of
practical significance to extend the new 3rd-order or its
higher order version to non-uniform situation in the
framework of the classical DFT, the resultant non-uniform
version will be expected to be of higher accuracy.

The present paper is arranged as follows. In Sect. 2 we
devise a theoretical way by which the TPT of any order can
be extended to its non-uniform counterpart. By extending
the 3rd-order TPT to Sth-order version which then is
combined with the theoretical way, we acquire a non-uni-
form Sth-order TPT which is then employed to calculate
density profiles of a sample hard core attractive Yukawa
(HCAY) fluid subjected to a spherical geometry and tested
by a comparison of the resultant density profiles with those
based on an existing 3rd 4+ 2nd-order perturbation DFT
[12, 13] and computer simulation [13]. In Sect. 3, the
present non-uniform Sth-order TPT is employed to inves-
tigate adsorption behavior of the HCAY fluid onto a
spherical colloidal particle under condition that the coex-
istence bulk fluid is situated in a neighborhood of the
critical point or near a gaseous phase or liquid phase side of
the bulk vapor-liquid coexistence curve. Finally we sum-
marize the present paper by drawing some concluding
remarks in Sect. 4.

2 Methods

In a coupling parameter expansion underlying the 3rd-order
TPT [6-8], the uniform excess Helmholtz free energy
F.(pp) for a system of N particles in a volume V at tem-
perature T interacting via a full pair potential u(7) is given by

oS
1

Fex(pb) = Fex-ref(pb) + Z;sz)b
n=1""

a(nil)g r7 é7p 7T
X /drrzuper(r) @é(n_l) b: 7) . (1)
&0

Here, Fex_ref(pp) is the excess Helmholtz free energy of a
reference fluid with a pair potential u,.¢ and bulk density py,
Uper (7) is the perturbation part of the whole potential u(r)
given by

u(r) = trer (r) + tper(r). (2)

At the present stage of the 3rd-order TPT [6-8], u.r (7) is a
hard sphere potential given by

Uef = X Fr<o

(3)

0 r<o

g(r, &, py, T) is a radial distribution function (rdf) of a bulk
fluid with a pair potential u(r; &) given by
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u(r; &) = thret (r) + Cttper (r). (4)

% - is the (n — 1)th order derivative evaluated
= i}

at & = 0 of g(r, &, py, T) with respect to &, iﬂg(ra;fom,]') =

=0
g(r,0, py, T) is the rdf of the hard sphere fluid of density py,
and diameter o.

In Refs. [6-8], the perturbation expansion series is
truncated at n = 3. In fact, the higher version is also pos-
sible, but the numerical implementation needs more
caution. As in Refs. [6-8], the higher order terms are
concerned with calculation of derivatives of the
g(r & py,T) wrt. & at & = 0. Following Refs. [6-8], one
calculates g(r, &, p,, T) with & = 0, A&, £2AE, £3¢&, +4¢,

3" Ve(r.é,pyT)
then W

difference technique. As for the numerical solution of the
OZ integral equation theory for g(r, &, py, T), one can refer
to Refs. [6-8]. It should be pointed out that in Refs. [6-8]
only g(r,& pp, T) with & =0,£AE £2A¢ needs to be

0 g(rE T
calculated to obtain ‘ag((%f)”b)
S

o for n < 5 can be obtained by finite
P

‘ for n < 3. At present
é=0

( 7|)8(V1§V«,ﬂbaT)

. .o
time, we cannot obtain AmD for n > 5 because
¢

&=0
of accumulating errors due to the finite difference
technique.

The resultant Sth-order TPT will be employed
throughout the present paper for construction of a non-
uniform version of the TPT, but any variant of the TPT can
be inserted into the present non-uniform formalism, the
only difference is that the resultant non-uniform formalism
will show some change in the prediction accuracy due to
the different accuracy of the employed TPTs.

Hence, the employed Sth-order TPT is given by:

5
1
Fex(py) = Fex-ret(py) + ZJNZTpr
n=1""

0" Ve(r, & p
X /drrzuper(r)aé((n_l)b) (5)
=0

where Fex ef(pp) i1 given by a Carnahan-Starling (CS)
equation of state for the hard sphere fluid [14].

It should be pointed out that by following to Eq. 6 of
Ref. 6, one can obtain Fe, (pp) by integrating g(r, &, p,, T)
over ¢ from 0 to 1, ie., Fex(pp) = Fex_ret(pp) +
N2mpy [ drrupe(r) [y dég(r, &, py, T). Out of two con-
siderations we have not calculated g(r,¢&, p,,T) for &
ranging from O to 1 and calculated the dual integrals. First,
one cannot expect to obtain accurate g(r,&, p,,T) for
values of ¢ deviating obviously from 0; then with an
inaccurate g(r, ¢, p,, T) for values of ¢ not close to zero,
the results from the dual integrals will not be more accurate
than those from the scheme adopted in the present pertur-
bation approach. In fact, if one knows the accurate
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g(r,1,p,,T), one will not bother to calculate the dual
integral which is concerned with information of
g(r,& py,T) for 0 < £ < 1. One will prefer to obtain the
virial pressure first, then integrate the virial pressure to
obtain F4(pp). Second, when the temperatures of interest is
below the critical temperature, the OZ integral equation
will lose physical solution when ¢ = 1; the larger the value
of &, the higher the starting temperature for which the OZ
integral equation will lose physical solution. The above
situation makes the resultant theory employing the dual
integrals break down when the temperature of interest
drops below the critical temperature and the density of
interest enter into the vapor—liquid coexistence region of
the phase diagram.

In the classical DFT, the equilibrium density profile p(r)
is calculated by an Euler-Lagrange equation for a grand
canonical potential,

p(5) = pyexp] —pea(r) + U (w: [o]) ~ €V (o)} (6)

where C(V(r; [p]) is the Ist-order DCF of the non-uniform
fluid, C(<)1>(pb) is the uniform Ist-order DCF of the corre-
sponding coexistence bulk fluid with density py,.

C(r;[p]) is mathematically the lst-order functional
derivative of the excess Helmholtz free energy density
functional Fex[p(r)] w.r.t p(r):

Cei ) ==

It has been a long practice to divide the underlying
potential into a short-ranged repulsion part and a long-
ranged tail part, then attack the two resultant parts by
different routes. In recently published literatures, it has
been generally accepted [15] that a weighted density
approximation (WDA) should substitute a local density
approximation for the treatment of the short-ranged
repulsion part. The WDA consists in substituting the
density argument of the bulk excess Helmholtz free energy
by a weighted density to formulate the non-uniform excess
Helmbholtz free energy, calculation of the weighted density
incurs an integration of the practical density profile
weighted by a weighting function w. The WDA goes
through several stages of development. The earliest version
of the WDA is perhaps that of Nordholm et al. [16, 17]
with a weighting function proportional to the Heaviside
step function. Tarazona [18] and Curtin and Ashcroft [19]
propose specifying the weighting function by enforcing the
uniform limit of the second functional derivative of the
excess Helmholtz free energy functional w.r.t. the density
profile equal to the bulk 2nd-order DCF. The weighted
density and weighting function are coupled together
whether it is based on the Tarazona’s recipe or the
Curtin—Ashcroft’s recipe. Rosenfeld proposes a variant

(7)

[20] of the WDA, fundamental measure functional for the
non-uniform single and binary hard sphere mixture; in this
recipe the weighted density and weighting function are
decoupled. The present author proposes a simple weighted
density approximation (SWDA) [21] in which the weighted
density and weighting function are also decoupled.
Although a crude approximation, the SWDA surely finds
widespread applications in the DFT practices [22-25].
Especially the SWDA supplies an appropriate weighted
density for use in recent density functional approximations
[26]. In fact, the undesirable inaccuracy originating from
the naive decoupling approximation underlying the SWDA
can be weakened and digested by a so-called Lagrangian
theorem-based density functional approximation (LTDFA)
[27]. As for the long-ranged tail part, several different
methods are adopted which fall into three categories, they
are mean field approximation [28], hard sphere weighted
density perturbation approximation [29], and tail weighted
density approximation (TWDPA) [30-32]. We will employ
the TWDPA, but the involved weighted density is based on
the SWDA [21] due to its simplicity.

We will follow the usual procedure to partition the
potential into short-ranged repulsion part and long-range
tail part. Correspondingly, the structure and thermo-
dynamic quantities are also divided into the short-ranged
repulsion part and long-range tail part:

Fex[p(1)] = Fexene[p ()] + Fex-i[p(r)], (8)
c(r; [p]) = €L (xs [p]) + Ca (x: ), 9)
Fex(py) = Fex-ne(pp) + Fex-tait () (10)
5" (py) = Che0s) + Ca(y)- (11)

Correspondingly, one has:
1 1 1
(s o)) = € (ow) = [ (x: [0]) = €l (o)
1 1
+ [l o) = o) (12)

Considering that the 5th-order TPT uses the hard sphere
fluid as the reference system, concomitantly we should
assume Fey ne(Pp) = Fexrer(Pp). As for the treatment of
Fex—ne[p(r)], we will employ the LTDFA [27] which gives:

(s [p]) — Clhepy) = / dri(p(r1) — py)

X Cog oy (1 = 11 e (4 71)/2,2)), (13)

where the hard core weighted density p,. is given by

Pre((r+11)/2,2)

2
- / d'C, py(l(r+11)/2 — Vs py)

<06 + Alp(x') — py) / v’ (90) (14)
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In the Eqgs. 13 and 14, C(()"Jhsf y stands for a bulk hard
sphere fluid nth-order DCF, C(()lfhspr’ (pp) stands for the
1st-order derivative of the bulk hard sphere fluid 1st-order
DCF w.r.t. the density argument py,. The subscript PY means
that Cé"f)hspr and C((QthPY’ (py,) are obtained under Percus—
Yevick approximation [33, 34] for the OZ integral equation
theory. Throughout the text, the subscript 0 means that the
quantity is for the bulk case, absence of the subscript
0 corresponds to non-uniform situation. Regarding the
numerical value of the parameter 4, we will discuss it later
in the text.

As for C

tail

Foxeailp(r)] = / e p( ot (Pra (1)), (15)

(r; [p]), we employ the WDA which gives:

where fox.ail 1S @ bulk excess Helmholtz free energy per
particle for the tail part only. Considering that we have
assumed Fex no(pp) = Fexref(pp), therefore we have,

Jex-tail (Pp) = Fex-tail(Pp) /N = (Fex(pp) — Fex-ret (py)) /N

(16)

the weighted density p,,; (r) is calculated by the SWDA [21],

) = [ @il =), (17)
2 2

i) = Ll | [ arCPatrio). 1)

C%z_)taﬂ(r; pp) is a tail part of the bulk 2nd-order DCF
Co2 (r; p,,) of the full pair potential u(r). In parallel with
Eq. 7, one has,

1) /... _ — OB Fex-tail [,0]
Ciait (3 [p]) = o)
_ﬂfex-tail (,btail (I‘) )

= [ ol B ) i)
(19)

imposing limit of p(r) — p, on C(l)(r; [0]), one obtains

i tail
C(()—)tail (Pv)
1 . 1
Céjtail (pp) = lim Ct(aii (r; [p])
p(r)—py

= —Bfex-tit (P6) — BPofox-tain (Pb)-
Substituting Eqs. 12, 13, 19, and 20 into Eq. 6, one obtains
pl0) = pyexpl o)+ [ dri(olr) ~ )

x CO(Ie = 1] Pre(r +11)/2, 2))
- ﬁfe)c—lail(f)tail(r))

- / dx () B ar (B (X)W (T — 1|5 py)
+Pfex-tait (Pp) + ﬁpbfe,x-lail(pb)}' (21)

(20)
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In Eq. 21, py. and p,; are calculated respectively by
Egs. 14 and 17.

Now the only undetermined quantity is Céa)tail(r; Ob)-
Considering that one has employed C;”,. py for the
treatment of the hard core part, one should remove away
C(()zf)hsfPY from C(()z)(r; pp) to obtain Céa)tail(r; py). There-
fore, a key quantity is C,’(r;p,), whose analytical
expression will be given in the present paper.

We propose several ansatzs for the construction of
Céz) (r; py)- One is that C((i)mil(r; py) should conform with a
zero density limit (ZDL) denoted by Eq. 22

C(()z,)tail(’ﬁ py) = exp(—pu(r)) =1 r=>o, 22)

the other is that the core part of C(()Z)(r; pp) With r <o
should be similar to C(()2—>hs—PY(r; pp) since both of them
describe the hard core repulsion. But they should not be
equal since Céz) (r; pp) with r < ¢ is influenced by the
long-range tail. Following these considerations, we propose
following approximation,

2 2
Co (ripy) = 1C ey (ripy) <o (23)
Combining Egs. 22 and 23 one obtains,
2 2
C(<) >(V§ Py) = XC(()—>hs—PY<”§ py) r<o (24)
exp(—pu(r)) — 1

As for the specification of the parameter y, we will
determine it by thermodynamic self-consistency condition
given by

r>o

1~ py / drC2 (r; py) = 1/ 11 = (OBP/Opy)y (25)

Equation 25 means a self-consistency between the
excess Helmholtz free energy and the correlation function
for each density. (0fP/0p,); will be calculated by the
uniform Sth-order TPT.

Céa)tail(r; pp) is thus obtained by disposing C(()z—)hs—PY
(r; py) from C(()z) (r;pp) :

C(@tail(r; py) = (X — l)C(()zjhs—PY(r; py) r<o (26)
exp(—pu(r)) — 1 r>o
2)

Equation 26 makes use of the fact that C(()_hs_pY(r; o)
disappears for r > ¢.

Finally, we recall that for the inter-particle potential
with an attractive tail C(@mﬂ(r; py) is usually positively
valued. Hence, one should substitute y by y, given by

h=x 1<1

27
I y>1 @7)

To conclude, the final expression for our bulk 2nd-order
DCEF is given by
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2 2
C(<)—>1ai|(r§ Pp) = (Xp - I)C(()—)hs—PY(r; py) <o

exp(—pu(r)) —1

It should be pointed out that the introduction of the
parameter y,, destroys the complete self-consistency between
the excess Helmholtz free energy and the correlation function
when y becomes larger than 1. Considering that the bulk 2nd-
order DCF denoted by Eq. 24 is itself approximate, complete
thermodynamic self-consistency cannot certainly ensure
more accurate approximation than partial thermodynamic
self-consistency (PTS), therefore we will still employ the
Eq. 28. With the Eq. 28 employed for calculation of w(r; py)
by Eq. 18, the resultant non-uniform TPT is denoted as non-
uniform Sth-order TPT-ZDL-PTS.

When one fixes the physical parameter 4 at 0.5, as done
in the adjustable parameter free version [35] of the LTDFA
[27], the resultant predictions for the density profiles of the
HCAY fluid as simulated in Ref. [13] deviate sometimes
obviously from the corresponding simulation results, the
contact densities for the hard geometries are generally
lower than those of the simulation situation. Therefore, one
has to adjust the value of the parameter A to be below 0.5,
as done in the original LTDFA [27] in which the parameter
A is specified by a hard wall sum rule [36]. Extensive
sample calculations indicate that a constant parameter
A = 0.45 is sufficient for the present non-uniform Sth-order
TPT-ZDL-PTS to achieve the most satisfactory perfor-
mance on average for all of the situations simulated in Ref.
[13]. This is very fortunate as one does not bother to
determine the parameter A beforehand for each coexistence
bulk state. The ‘good fortune’ is not an accidental phe-
nomena as similar ‘good fortune’ also appears in a recently
proposed polymer melt DFT approach [37] in which the
parameter /A can be fixed at 0.5 as exactly required by the
adjustable parameter free version [35] of the LTDFA [27].
A common point for both the present situation and that in
Ref. [37] is that the bulk 2nd-order DCFs employed in
these two approaches are scaled by the respective equation
of state. Therefore, the scaling of the bulk 2nd-order DCF
should be a necessary condition for the holding of the
adjustable parameter free version [35] of the LTDFA [27].
As for the small deviation of the present 4 = 0.45 from the
exact 4 = 0.5, this can be ascribed to: (1) the systematical
errors originating from the ansatzs bulk 2nd-order DCF
which are obtained from several assumptions or boundary
conditions on the DCF, instead of solving the OZ integral
equation accurately, (2) the fact that 4 value specified by
the hard wall sum rule in the original LTDFA [27] is itself
smaller than 0.5.

We will test the accuracy of the non-uniform Sth-order
TPT-ZDL-PTS for calculation of the density profiles of the
HCAY fluid subjected to various types of external potential

(28)
r>o.

and maintaining equilibrium with the bulk fluid, when the
latter is in the state of (1) supercritical temperature but
close to the critical value with the density ranging from low
to high density region, and (2) subcritical temperature with
the density near the vapor—liquid coexistence line.

We investigate several cases of the source for the external
potential. Besides the usual single hard wall, we treat also a
spherical cavity surrounded by a spherical hard wall, a planar
gap, i.e., the two hard walls separated by a distance L, a large
hard spherical particle, and a bulk HCAY particle.

The two sample external potentials, which will be
mainly investigated in the present paper, are respectively
due to the presence of the large hard spherical particle and
the bulk HCAY particle, and respectively given by

Pexe(r) = ¢ [r|<R

29
=0 |r|>R (29)

for a large hard spherical particle of radius R, and
Pexi(r) = uncay(r) = —ga exp[=k*(r —a)/a]/r  (30)

for a bulk HCAY particle situated at the origin. For the
latter case, the reduced density distribution function p(r)/py,
is actually the bulk RDF g(r) according to the Percus’s test
particle method [38].

The present theoretical predictions for the density pro-
files of the HCAY fluid due to the external potentials given
by Egs. 29 and 30 are presented in Figs. 1, 2, 3,4, 5,6, 7
and 8 together with the corresponding simulation results
available in literature [13]. The simulation results are
represented by symbols to distinguish from the theoretical
predictions denoted by lines. A detailed comparison of the
present Figs. 1-8 with Figs. 8-15 in Ref. [13], where the
theoretical predictions are based on a 3rd + 2nd-order
perturbation DFT [12, 13], will be given. We have not
presented the 3rd 4+ 2nd-order perturbation DFT predic-
tions in the present Figs. 1-8 only to make the figures clear
enough since each one of the present Figs. 1-8 presents
several curves corresponding to different coexistence bulk
densities.

For the external field due to the bulk HCAY particle
denoted by Eq. 30, the two theoretical approaches behave
well for the calculation of the RDF g(r). However, it is still
easy to observe the higher accuracy (Figs. 1, 2, 3, 4) of the
present approach over that of the 3rd 4 2nd-order pertur-
bation DFT [12, 13]. For the external field due to a large
hard spherical particle denoted by Eq.29, the two
approaches are comparable in accuracy for a parameter
combination of k* = 1.8, T* = 1.25 (Fig. 5). But for the
parameter combinations of k* = 3.0, 7" = 0.76 and k* =
4.0, T* =0.61 (Figs. 6, 7), the non-uniform S5th-order
TPT-ZDL-PTS performs better than the 3rd + 2nd-order
perturbation DFT does. For all of the investigated
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T=1.25x=1.8 a
5 p,0°=0.40136
p,0 =0.30062

p,0°=0.20132

= p,0°=0.10051
()]

0 T T T

1 2 3 4 5
70
10 — -

. 7T=1.25,K=1.s b

8 p,o°=0.80183

7 p,0°=0.70013
% ] pyo°=0.60308

p,0°=0.50096

r/c

Fig. 1 a The theoretical (/ines) and simulation (symbols) [13] results
for the RDF of the HCAY model fluid at the bulk densities and
potential parameters as shown. For the reason of clarity, the data
corresponding to individual densities are shifted upwards by different
factors (0.5, 1, 1.5, etc.). b Same as in a but for the bulk coexistence
densities as shown

subcritical temperature cases (Fig. 8), the present approach
is also superior to the 3rd 4 2nd-order perturbation DFT.

As for the situations of other hard geometries such as the
single hard wall, the spherical cavity, and the planar gap,
the conclusion is also more favorable for the present non-
uniform Sth-order TPT-ZDL-PTS than for the 3rd +
2nd-order perturbation DFT, we have not presented the
calculated density profiles for these three hard geometries
only out of a consideration of page limit.

It has been indicated [39] that the 3rd + 2nd-order
perturbation DFT [12, 13] is physically reliable, it is the
poor accuracy of the employed mean spherical approxi-
mation (MSA) in Ref. [13] that enables the satisfactory
performance of the 3rd 4 2nd-order perturbation DFT for
a combination of single hard wall and long-ranged HCAY
tail with £ = 1.8 cannot go on for other external fields and
other parameter combinations. This fact only brings out the
superiority of the present ansatzs bulk 2nd-order DCF over
the MSA for the OZ integral equation. Our ansatzs bulk
2nd-order DCF is free from solving numerically the OZ
integral equation, therefore its application is not limited to

@ Springer

T'=0.76,x =3
54 ~ p,0°=0.40076 a
p,0°=0.30071
p,0°=0.20158
p,0°=0.10015
>
O T T T
1 2 3 4 5
/o
9 * *
T'=0.76,x =3 b
8 1 3
I p,o°=0.80086
f p,0°=0.70070
= p,o°=0.60082
@ py0°=0.49994
2 T T T
1 2 3 4 5

Fig. 2 a Same as in Fig. la but for the bulk parameters as shown.
b Same as in a but for the bulk coexistence densities as shown

several simple potentials for which analytical bulk 2nd-
order DCFs are available in literature. Obviously the sat-
isfactory performance of the present bulk 2nd-order DCF
comes from the imposition of the PTS and the satisfactory
accuracy of the present uniform Sth-order TPT as input. It
should be pointed out that the sample coexistence bulk
states are near the critical point or near the vapor-liquid
coexistence lines, therefore the present test is harsh.
Absence of any adjustable parameter from the present
formalism enables the approach very convenient for theo-
retical investigation which needs intensive calculations as
done in the next section.

3 Results and discussion
To systematically and quantitatively investigate the
adsorption of the HCAY fluid onto a spherical colloid

particle, in the first place we define a reduced excess
adsorption I'; ,

I = 0'2/ 4nr?[p(r) — pyldr / (4mR?). (31)
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9 py0 =0.79984 51
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) ) 8
Fig. 3 a Same as in Fig. la but for the bulk parameters as shown. c
b Same as in a but for the bulk coexistence densities as shown 74
6 .
One sample external field is given by 5 X .
T'=0.54,c =4,p,6°=0.79678
ﬁ(pext(r) =X ‘l“ <R % 44 . .
T'=0.54,0,6°=0.05168
= Beexexp|[—Ki (r—R)|/(r/R) |r|>R. 3] b
(32) 2-
I';, for the adsorption of a supercritical HCAY fluid onto 14 i errrrrres
the spherical colloid particle is presented for various bulk 0 ‘ ‘
phase and external field parameter combinations in Figs. 9, 1 2 3 4

10, 11, 12, 13, 14, 15 and 16, the chosen potential range
parameter k* is respectively 1.8, 3, and 4. For these values
of the potential range parameter, critical temperatures and
critical densities calculated by the uniform Sth-order TPT
are respectively 1.235 and 0.31, 0.74 and 0.39, and 0.59
and 0.3954.

Figures 9-16 clearly indicates that when the coexistence
bulk states are near the critical point, FZX reaches a minimum:
a large negative value. We call the negative maximum value
of I'} as ‘critical depletion adsorption’. Before discussing
Figs. 9—16 individually, we first propose a mechanism which
helps to explain physically the critical depletion adsorption
around the critical point and its relationship with the external
potential parameters and bulk parameters.

Interparticle hard core repulsion induces accumulation
of the fluid particles adjacent to the hard solid surface since

r'c

Fig. 4 a The RDF for the HCAY model fluid at the subcritical
temperature for the bulk parameters as shown. The coexistence bulk
density is either at monophasic gaseous state or at monophasic liquid
state, respectively. The lines are for the present theoretical calculation
and the symbols are for the simulation results [13]. b Same as in a but
for the bulk parameters as shown. ¢ Same as in a but for the bulk
parameters as shown

the fluid particle can avoid to the full extent the repulsive
core interaction which can be experienced to the full extent
in the bulk phase when they move adjacent to the solid
surface. On the contrary, the interparticle attractive tail will
help to induce a depletion adsorption near the hard solid
surface since the fluid particle can enjoy the attractive
interaction to the full extent in the bulk phase. It is also
known that the accumulation adjacent to the solid surface
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Fig. 5 a The theoretical (/ines) and simulation (symbols) [13] results
for the density profiles of the HCAY fluid at a large spherical particle
of radius R = 5.5¢ at the supercritical temperatures for the shown
potential range parameter and the coexistence bulk densities. b Same
as in a but for the bulk coexistence densities as shown

can be strengthened by a high coexistence bulk density, but
the depletion adsorption near solid surface induced by the
interparticle attractive tail can be strengthened by a low
density due to the fact that when the bulk density is high
enough the repulsion interaction in the bulk phase will play
more and more important role which makes the bulk
environment unfavorable and the surface environment
favorable. However, for the interparticle attractive tail-
induced depletion, the influencing factors include addi-
tionally the critical density fluctuations. Around the critical
point, the correlation length unusually rises, whole poten-
tial energy of the system is reduced due to the strong
critical density fluctuations which enables the fluid parti-
cles also interact with long-range particles. When the
confining geometrical size is smaller than the correlation
length, to enjoy to the full extent the attraction interaction
between the particles, the fluid particles will move away
from the external field particle to be situated in the bulk.
Therefore, the critical density fluctuations will strengthen
the depletion adsorption phenomena. Obviously the influ-
ence of the critical density fluctuations on depletion

@ Springer

0.7 = -
T=0.76,x =3 a
0.6 -
0.5 p,0°=0.40076
p,0°=0.30071
o 041 ] m——— -
L
T 08 L ———— =
0.2 4 e~~~
/Q:pb&:o.zmss
0.1 __ﬁ
3
=0.10015
00 T T pbc\ T T T T T T T T
6 7 8 9 10 11 12 13 14 15 16
rlc
12 1= -
T=0.76,c=3 b
1.0 1
p,0°=0.70070
0.8 - pyo =0.60082

6 7 8 9 10 11 12 13 14 15 16

Fig. 6 a Same as Fig. 5a but for the bulk parameters as shown.
b Same as in a but for the bulk coexistence densities as shown

adsorption will be strengthened by a highly confining
geometry. For case of the hard spherical external potential,
a larger radius will strengthen the critical depletion
adsorption than a smaller radius does.

Figures 9, 10, 11, 12 surely display the critical depletion
adsorption around the critical region of the bulk phase
diagram, but how to explain why the minimum I';, occurs
at a coexistence bulk density larger than the respective
critical density? This phenomena can also be observed in
Figs. 13, 14, 15, 16. A reasonable explanation is that the
long-ranged density fluctuations also exist obviously in a
large region in the neighborhood of the critical point, and
the intensity of such density fluctuations increases as the
density increases. Therefore, for two points on an isother-
mal line with equal absolute distance from the critical
point, the density fluctuations are stronger at the higher
density point than those at the lower density point only if
the two point are not far away from the critical point.
Although only at the critical point the correlation length
tends to infinity, the actual intensity of the density fluctu-
ations at the critical point is not the largest, it is at some
state point on the isothermal line with density higher than
the critical density that the maximum intensity of the
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Fig. 7 a Same as Fig. 5a but for the bulk parameters as shown.
b Same as in a but for the bulk coexistence densities as shown

density fluctuations exists. Therefore, the minimum FZX
occurs at a coexistence bulk density larger than the
respective critical density (see Fig. 9). Figure 10 describes
influence of the radius of the colloid particle on the
adsorption behavior. Considering that there is a R* factor
appearing in the denominator of Eq. 31, it can be thought
that the Fig. 10 actually discloses that the depletion
adsorption associated with the larger colloid particle is
more obvious than that involved with the smaller colloid
particle even if R = 60 curve is situated at the highest
position and R = 26 curve at the lowest position. This
obviously originates from the fact that the larger colloid
particle constitutes a more confining restriction on the fluid
particles than the smaller colloid particle, and hence the
long-ranged interparticle correlation is easily truncated
when the small size colloid particle is replaced by the large
size colloid particle.

Figure 11 describes influence of the external potential
intensity parameter ffe.y, on the adsorption behavior, it is
clearly observed and easily understood that the excess
adsorption increases as fé.,; becomes more and more
negative. The only observation worthwhile a little
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Fig. 8 a The theoretical (lines) and simulation (symbols) [13] results
for the density profiles of the HCAY fluid at a large spherical particle
of radius R = 5.50 at the subcritical temperature for each potential
range parameter. The bulk coexistence densities are at monophasic
gaseous states. b Same as in a but the bulk coexistence densities are at
monophasic liquid states
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-0.8

Fig. 9 The excess adsorption I';, as a function of the coexistence
bulk density p* for three different bulk parameter combinations. The
external potential is due to a neutral colloidal particle of radius
R =20

discussion is that along the isothermal line a maximum
appears at some state point with density lower than
the critical density for case of the intensity parameter of
strong attraction. A feasible explanation is that the strong
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Fig. 10 The same as Fig. 9 except for only one bulk parameter
combination of k* =1.8, 7" =1.25 and three different neutral
colloidal particle of radius R = 20, 40, 60, respectively as the
external field

0.4
0.0
-0.4 1
% 08+
12

-1.6

«=1.8,T=1.25R=20,x . =2.2

ext

T T T
0.0 0.2 0.4 0.6

Fig. 11 The excess adsorption I';, as a function of the coexistence
bulk density p* for three different external potential intensity
parameter feo = 0, —0.4, —1, respectively and one external
potential range parameter k;, = 2.2. The colloidal particle radius
R = 20, and the bulk parameter combination is k* = 1.8, T" = 1.25
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Fig. 12 The same as Fig. 11 except for three different external
potential intensity parameter fle.xc = 0, 0.4, 1, respectively
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Fig. 13 The excess adsorption I';, as a function of the coexistence
bulk density p* for six different temperature values of
T* = 0.76, 0.86, 0.96, 1.16, 1.8, 2.4, respectively and one potential
range parameter k* = 3. The external potential is due to a neutral
colloidal particle of radius R = 20
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Fig. 14 The same as Fig. 13 except that the external potential is
specified by R = 20, fecxe = — 0.4 and k}, = 2.2
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Fig. 15 The same as Fig. 13 except that the external potential is
specified by R = 20, fecy = 0.4 and k7, = 2.2
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Fig. 16 The excess adsorption I'* as a function of the coexistence
bulk density p* for four different external potential range parameter of
K. = 1.5, 2.2, 3, 4, respectively. The bulk parameters are £* = 1.8

ext

and 7* = 1.25. The external field colloidal radius is R = 20, and the
external potential intensity parameter is fe. = —0.4

attraction external potential can counteract to a great extent
the depletion effect of the surviving long-ranged density
fluctuations kept for a subcritical density point. When the
coexistence bulk state is free of the long-ranged density
fluctuations, the regular adsorption isotherm, ie., I,
increases as the coexistence bulk density increases, is
recovered. However, the regular adsorption isotherm only
appears when the coexistence bulk density point is situated
sufficiently away from the critical point. As the subcritical
density point becomes more and more adjacent to the
critical point, the regular adsorption isotherm gives place to
the depletion adsorption isotherm.

On the contrary, when the attractive external potential is
substituted by a repulsive one as shown in Fig. 12, the
depletion effect due to the surviving long-ranged density
fluctuations is strengthened by the repulsive external
potential. Hence, the maximum is absent from the sub-
critical adsorption isotherm. Instead, the adsorption iso-
therm is situated at a lower position compared to that of the
neutral external potential counterpart as shown in Fig. 12.
Intuitively, the more repulsive the external potential is, the
more negative the I', is, also in agreement with Fig. 12.

Each of the Figs. 13, 14, 15 presents a comparison of
several adsorption isotherms with different temperatures,
these three figures are distinguished only by different
external potential intensity parameter fe, . TWo common
observations can be drawn from these three figures. One is
that the critical depletion adsorption happens over a wide
range of the temperature, not limited only to the very
neighborhood of the critical point. For neutral external
potential, the limit temperature beyond which the critical
depletion adsorption disappears is about 7% = 1.4; For
attractive external potential, the limit temperature is a little
lower than its neutral external potential counterpart, but

still is at about T* = 1.2 far higher than the critical tem-
perature 7* = 0.74; while for repulsive external potential,
the limit temperature is high up to about 7% = 1.8. As for
the physical cause for the dependence of the limit tem-
perature on the external potential intensity, one can explain
that the repulsive external potential enables the depletion
adsorption still observable even if the surviving long-ran-
ged density fluctuations are very weak due to a sufficient
distance from the critical temperature by strengthening the
critical depletion adsorption. On the contrary, the attractive
external potential results in opposite effect by counteract-
ing the depletion effect of the surviving long-ranged den-
sity fluctuations.

The other general point which can be concluded from
the Figs. 13—15 is that the minimum I'}_coexistence bulk
density almost remains unchanged when the temperature
changes but not far away from the critical temperature.
However, when the temperature is sufficiently far away
from the critical temperature, the minimum I',, coexis-
tence bulk density moves to a lower value. Such phe-
nomena may originate from the fact that when the
temperature is sufficiently high, and therefore the surviving
long-ranged density fluctuations are surely weak and the
critical depletion adsorption becomes sufficiently insigni-
ficant, a small increase of the coexistence bulk density can
counteract the small depletion effect due to the weak sur-
viving long-ranged density fluctuations. One only has to
adjust the coexistence density to a lower value in order to
make the small depletion effect still observable.

Influence of the external potential range parameter
on the adsorption isotherm is displayed in Fig. 16 which
clearly shows that the longer the external potential range is,
the more insignificant the critical depletion adsorption is.
This is obviously due to the counteracting effect of the
attractive external potential whose influence becomes more
striking as the potential range becomes longer. No sub-
critical density maximum appears for this parameters
combination, obviously this is because the attractive
external potential is not sufficiently strong. One can
imagine that the subcritical density inducing the maximum
I, will appear if one adjusts x7,, to a smaller value or e
to a more negative value or a combination of the two
adjustments.

Figure 17a and b describe subcritical adsorption
behavior respectively for low density vapor side and high
density liquid side as the coexistence bulk phases. For the
neutral colloid particle, it clearly is found that the excess
adsorption I';, shows a decreasing tendency as the vapor-
liquid coexistence densities are approached respectively
from low density vapor side or from high density liquid
side, the observation fully indicates that the long-ranged
critical density fluctuations still survive in the neighbor-
hood of subcritical vapor-liquid coexistence curve.
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Fig. 17 a The excess adsorption I';; as a function of the coexistence
bulk density p* for three different subcritical temperature of
T* =09, 1, 1.1, respectively. The coexistence bulk densities are
respectively adjacent to respective bulk vapor-liquid coexistence
gaseous densities. The potential range parameter is k* = 1.8,, and the
external field is due to a neutral colloidal particle of radius R = 100.
b Same as in a but the coexistence bulk densities are adjacent to
respective bulk vapor-liquid coexistence liquidous densities

Figure 17a and b also discloses a pattern which declares
that the excess adsorption I';, corresponding to the bulk
vapor-liquid coexistence densities decreases as the tem-
perature increases. This observation fully indicates that
with the dropping of the temperature the depletion
adsorption is weakened. Therefore, one can conclude that
the critical density fluctuations become weakened as the
fluid is situated away from the critical temperature, but the
surviving critical density fluctuations in the neighborhood
of subcritical vapor-liquid coexistence curve still can show
up more or less.

Figures 18 and 19 describe the adsorption isochores for
different subcritical and supercritical densities. One clearly
observes that as the dropping of the temperature and the
approaching of the coexistence bulk density to the bulk
vapor-liquid coexistence densities the excess adsorption
I';, shows a quickly decreasing tendency. Particularly, for
the same temperature the most negative I";, corresponds to

@ Springer

the isochore whose coexistence bulk density is the most
adjacent to the critical density. This also indicates that the
more adjacent to the critical point, the more intensive the
critical density fluctuations are.

Figure 20 describes the adsorption of the HCAY parti-
cles onto a colloidal particle which interacts with the
HCAY particles by an attractive tail besides the hard
repulsion, the two subfigures are distinguished only by
different external potential parameters combinations, ver-
tical lines indicate the coexistence densities. To avoid
omitting of possible first-order pre-wetting transition which
generally happens for single wall external potential also
with an attractive tail, the coexistence bulk density calcu-
lated increases until the numerical code diverges or the
vapor-liquid coexistence gaseous density is overtaken.
Choice of the colloidal particle radius R = 2¢ is made to
more clearly detect the possible effect due to the surface
curvature. Contrary to the accelerating decreasing of the
excess adsorption I';, as the coexistence bulk gas density
approaches to the bulk vapor-liquid coexistence gaseous
density for case of the neutral colloidal particle (see
Figs. 17a, 18), the present I',, shows an accelerating
increase as the bulk vapor-liquid coexistence gaseous
density is approached. This completely dissimilar behavior
obviously originates from a coupling between the attractive
tail of the external potential imposed on the HCAY particle
and the interparticle attractive Yukawa tail, such coupling
is significantly strengthened by the long-ranged density
fluctuations retained in the region of the phase diagram
very adjacent to the bulk vapor-liquid coexistence curve.
As we use the calculated density profile in situation of
preceding smaller coexistence bulk density as input for the
situation of larger coexistence bulk density, a numerical
instability of our code will mark a diverging adsorption. If
the numerical instability does not appear at all even if the
vapor-liquid coexistence gaseous density is overtaken, one
can conclude that no wetting transition occurs for the
parameter combination under consideration. For case of the
diverging adsorption, even if one employs very different
density profile as input, the final adsorption isotherms take
the same appearances, this fully indicates that what occurs
is a round wetting transition instead of a first-order pre-
wetting transition [40] whose occurrence associated with
the single wall external potential is confirmed numerously.
Furthermore, occurrence of the round wetting transition
deeply depends on a total attractive intensity of the external
field. The attractive intensity obviously depends on both
external potential range parameter x,, and external
potential intensity parameter fle.y,. A decreasing of x,, or
an increasing of fe. or combination of the two changes
will lead to a large attractive intensity which will induce
round wetting transition. On the contrary, a small attractive
intensity will not be associated with any kind of wetting
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Fig. 18 a The excess adsorption I', as a function of temperature for
subcritical coexistence bulk densities of p* = 0.02,0.04. The
potential range parameter is k* = 1.8, and the external field is due
to a neutral colloidal particle of radius R = 5¢. b Same as in a but the

subcritical coexistence bulk density of p* = 0.08. ¢ Same as in a but
the subcritical coexistence bulk density of p* = 0.16. d Same as in a
but the near critical coexistence bulk density of p* = 0.3
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transitions as shown in Fig. 20a and b. To indicate that the
absence of the first-order pre-wetting transition is inherent
to the spherical geometrical body, not due to the chosen
sample temperature being above the pre-wetting critical
point temperature, we calculate for a smaller reduced

temperature of 7% = 0.85, the calculated results are pre-
sented in Fig. 21. To avoid omitting of possible first-order
pre-wetting transition which generally happens for single
wall external potential also with an attractive tail, we
choose a larger radius of R = 100, Fig. 21 shows that not
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Fig. 20 a The excess adsorption I'}, as a function of the coexistence
bulk density p* for three different external potential intensity
parameters of fec, = —3.5, —4, —4.5, respectively. The bulk
parameters are k* = 1.8 and T* = 1.1, and the external field colloidal
particle radius is R = 20. The external potential range parameter is
Kt = 1.8. b The excess adsorption I',, as a function of the
coexistence bulk density p* for three different external potential
range parameter of x% = 1.5, 1.8, 2.2 respectively. The bulk

ext
parameters are k* = 1.8 and 7* = 1.1, and the external field colloidal

particle radius is R = 2¢. The external potential intensity parameters
i Peexy = —4.5

only the first-order pre-wetting transition is still absent, but
also the round wetting transition disappears. The observa-
tion of absence of the first-order pre-wetting transition fully
lends support to the conclusion that the first-order pre-
wetting transition is truly not associated with the spherical
geometrical body. On the other hand, disappearance of the
round wetting transition in situation of sufficiently low
temperature enables one to conclude that the critical den-
sity fluctuations in the neighborhood of subcritical vapor-
liquid coexistence curve become more and more weakened
as the state point is situated far away from the critical
temperature. It should be pointed out that the first-order
pre-wetting transition occurs for a wall external potential
even at a temperature low down to the triple-point tem-
perature [41]. Our observation is in agreement with a
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radius R decreases? Obviously the single wall is a stronger
confining geometry than the single sphere is; for the type of
the external potential inducing the wetting transition, the
spherical geometry only exerts a weaker attractive force on
the fluid particles than the wall geometry does. Hence, to
induce the wetting transition which originates from the
interaction between the fluid interparticle attraction and the
attractive external potential strengthened by the surviving
long-ranged density fluctuations, more surviving long-
ranged density fluctuations are needed for the case of the
spherical geometry than for the wall geometry. As pointed
out above, the more adjacent to the critical temperature the
coexistence bulk state is, the stronger the surviving long-
ranged density fluctuations are. Therefore, the wetting
transition temperature is higher for the spherical geometry
than for the wall geometry.

The readers may have doubt that use of such high order
perturbation theories may be relevant if it is done exactly,
or at least within an extremely good level of confidence, for
the perturbation scheme. However, what is used here is a
SWDA [21] borrowed from the hard-sphere fluid. Any
possible gain in the quality of the results from 3rd- to
Sth-order perturbation is overwhelmed by the low quality
of the approximation used to evaluate the perturbation
contributions.

To answer whether there is a sign of any significant
improvement due to the extension from 3rd- to Sth-order
perturbation scheme, we employ the present non-uniform
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TPT-ZDL-PTS formalism for calculation of the density
profiles of a hard sphere plus square well (SW) fluid con-
fined within a hard spherical cavity as simulated in Ref. [6].
The hard sphere plus square well potential is given by

u(r) =00, r<a

(33)

=—g o<r<io,

the external potential due to the hard spherical cavity is
given by

Pexi(r) =x || >R —0.50

34
=0 |r|<R-0.50. (34)

The reduced well width under consideration is 4 = 1.5,
the coexistence bulk phases are respectively 7% =
1.228, p,0® =0.31895 for state 1, and T* = 1.25372,
ppo°> = 0.31973 for state 2.

Figure 22a presents fx.rail (0b) as a function of the bulk
density p,a> for the two chosen temperatures respectively
from the uniform 3rd- and S5th-order TPT. Figure 22b
presents the theoretical results respectively from the non-
uniform 5Sth-order TPT-ZDL-PTS and the non-uniform
3rd-order TPT-ZDL-PTS together with the corresponding
simulation data from Ref. [6]. Figure 22b clearly displays a
significant improvement due to the extension from 3rd- to
Sth-order perturbation scheme. Hence one does not feel
concerned about the possibility that the approximation used
to evaluate the perturbation contributions overwhelms the
gain in the quality of the results from 3rd- to Sth-order
perturbation as input, the present non-uniform TPT-ZDL-
PTS formalism accurately and faithfully reflects any pos-
sible minor gain in accuracy of the input in the final results.

4 Summary

The present paper extended the uniform TPT to its non-
uniform counterpart, the resultant non-uniform Sth-order
TPT-ZDL-PTS is implemented in the framework of the
classical DFT, and is free from numerical solution of
the OZ integral equation, therefore is applicable to both the
subcritical and supercritical temperature regions. The
accuracy of the non-uniform 5th-order TPT-ZDL-PTS for
the density profiles of the HCAY fluid confined by various
geometries is generally higher than the 3rd + 2nd-order
perturbation DFT [12, 13]. Considering that the non-uni-
form 5th-order TPT-ZDL-PTS is based on several ansatzs
for the bulk 2nd-order DCF, therefore its reliability for
other model potentials, particularly for those effective
potentials which are of complicated mathematical forms, is
worthwhile further separate investigation. Comprehensive
investigation about the adsorption of the HCAY fluid under
influence of external field around the critical point and
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Fig. 22 a The f..i1 (pb) as a function of the bulk density pba3 for
two states of the hard sphere plus SW fluid respectively from the
uniform 3rd and Sth-order TPT. b Density profile of the hard sphere
plus SW fluid in the hard spherical cavity of radius R = 3.5¢ in
coexistence with the bulk fluid near the critical point. Symbols are for
the GCEMC simulation results [6], while solid lines are for the
present non-uniform Sth-order TPT-ZDL-PTS, dashed lines are for
the non-uniform 3rd-order TPT-ZDL-PTS

adjacent to the vapor—liquid coexistence curve is carried
out, we find the interesting critical depletion adsorption
phenomena which can be explained by the long-ranged
critical density fluctuations being marked in these regions
of the phase diagram.

Another finding is that the critical density fluctuations
actually exist in a wide region of the diagram. For the
supercritical state, only if the temperature is higher than the
critical temperature by 60-140% do the critical density
fluctuations become trivial. Of course, the particular per-
centage depends on the external potential parameters such
as the external potential range parameter k7, the external
potential intensity parameter fe., and the colloid particle
radius, etc. For the subcritical state, the surviving critical
density fluctuations will still play role in influencing the
adsorption even if the temperature is lowered to far below
the critical temperature. One can expect that the limit
temperature beyond which the surviving critical density
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fluctuations do not influence significantly on the adsorption
behavior, depends on the external potential parameters.

In the end, the wetting transition around a colloidal
particle is investigated. The present microscopic theoretical
calculation tests and verifies a previous conclusion drawn
from a thermodynamic analysis [42] and a phenomeno-
logical Landau mean field theory calculation [43] that the
surface curvature suppresses the first-order pre-wetting
transition and one should observe rounded transition, and
the wetting transition temperature shifts to a higher value
by the surface curvature.

It should be pointed out that the critical depletion
adsorption will influence the effective potentials [44-51]
between the colloidal particles immersed in a small size
solvent bath, and certainly will also influence the phase
behavior [52-59] of complex fluids. All of these topics and
more detailed research for the wetting transitions in con-
fined conditions by the present non-uniform Sth-order TPT-
ZDL-PTS will be investigated in future publications.
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